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1. Introduction
In the last decades, many papers studying interrelations between properties of a subset of Euclidean space and of its
projections have appeared. Such problems are not only interesting in itself, but they also can be useful in the ﬁelds called
geometric and set-theoretic tomography (see e.g. [13, Chapter 6], [17]).
In this paper, we deal with the following question stated by J. Cobb in [8]. Given integers d >m > k > 0, is there a Cantor
set in Rd each of whose projections onto m-planes will be exactly k-dimensional? Let us note that using the universal surjectivity
property of the Cantor set ([1], [22, Theorem 4.11]), it is easy to obtain an example of a Cantor set in Rd such that its
projection onto (at least) one m-plane is a closed k-dimensional ball (see [20, Remark 2] or Introduction of [8]). The diﬃculty
lies in extension of this property onto all m-planes simultaneously.
K. Borsuk [6] solved analogous question stated by R.H. Fox, namely whether there exists a simple closed curve in R3
such that every projection of it into any plane is 2-dimensional. From his paper [6] one can extract an example of a
Cantor set in Rd such that its projection onto every hyperplane contains a (d − 1)-dimensional ball, or equivalently, has
dimension (d − 1) (the equivalence is given by the Urysohn–Menger theorem, see e.g. [2, Chapter 8, §1, Theorem 1], [11,
Theorems 1.8.10, 4.1.5], [19, Theorem IV.3, p. 44]). By that reason the case m = k is excluded in Cobb’s question. In fact, the
Borsuk theorem is the stronger one; alternatively, the necessary example can be obtained more easily by combining a ﬁnite
number of Cantor sets constructed as in [8, p. 125, Example]. Note that for d  3 it is impossible to embed the Cantor set
into Rd so that all projections are convex bodies (see [8, Theorem 3] and Section 4 of the present paper).
Cobb’s theorem [8, Theorem 1] covers the case (3,2,1) by constructing a Cantor set in R3 such that its projection onto
every 2-plane is 1-dimensional.
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ing them if necessary.
Further details concerning similar problems are given in Section 4 of the present paper.
2. Main result
Referring to planes in Euclidean space and unless otherwise speciﬁed, we mean linear subspaces, and it is clear that
omitting arbitrary aﬃne subspaces does not make our theorem weaker. Under projections onto subspaces we mean orthog-
onal ones, but in fact this restriction is not essential, also.
Theorem 1. Let d and m be arbitrary integers with d > m  1. There exists a Cantor set in Rd such that its projection onto each
m-plane has dimension m − 1.
Proof. There are two steps.
Step 1. We reduce the general case of (d,m,m− 1) to the case (m + 1,m,m− 1), see Proposition 1.
Step 2. Now consider the case (m,m−1,m−2) where we shifted m in order to simplify the notation. Suppose that m 3
since the case m = 2 is clear. For each hyperplane H ⊂ Rm , there exists a Cantor set CH ⊂ Rm such that its projection onto
any hyperplane H ′ has dim pH ′ (CH ) m − 2 and the projection for H ′ from an open neighbourhood V (H) ⊂ G(m,m − 1)
of H the dimension of pH ′ (CH ) is exactly m− 2 (see Proposition 2 below; for the Grassman space G(m,m− 1), see e.g. [22,
15.5]). Since G(m,m − 1) is compact, we can choose a ﬁnite subcovering {V (Hi1), . . . , V (His )} from the covering {V (H)}
where H runs over the set of all (m − 1)-planes in Rm . The Cantor set CHi1 ∪ · · · ∪ CHis ⊂ Rm is clearly the desired one.
Now, up to auxiliary propositions (stated and proved below), the proof of the theorem is ﬁnished. 
3. Notation and auxiliary statements
For the two subspaces V , W of the Euclidean space Rm , the (orthogonal) projection of Rm onto W which is restricted
over V is denoted here by pVW or when the space V is ﬁxed or coincides with the whole R
m simply by pW .
By W⊥ we denote the orthogonal complement of W in Rm , by 〈S〉 — the span of a set S of vectors in Rm .
By a segment we always mean a closed interval.
The following two lemmas are proved by straightforward computations which are omitted here.
Lemma 1. Let H1 ⊂ H2 be two subspaces of Rm. Then pRmH1 = p
H2
H1
pR
m
H2
.
The analogue of Lemma 1 is not valid if H1 is not a subspace of H2. Nevertheless, the following statement holds true.
Lemma 2. Let H and H0 be two subspaces of Rm. Let Π0 = (H⊥ ∩ H⊥0 ) ⊕ H0 . Then pΠ0H = pH0H pΠ0H0 .
Let us now ﬁll the gap in Step 1.
In what follows, G(d,m) denotes the Grassman manifold consisting of all m-dimensional subspaces in Rd (see e.g. [22,
15.5]).
Lemma 3. Let Π0 be an (m + 1)-dimensional subspace of Rd. Consider the set U (Π0) of all (m + 1)-dimensional subspaces Π of Rd
such that Π0 ∩ Π⊥ = {0}. Then
(1) Π0 ∈ U (Π0);
(2) U (Π0) is an open subset of the Grassman space G(d,m + 1);
(3) for each Π ∈ U (Π0) the restriction of the projection pΠ over Π0 , that is, pΠ0Π : Π0 → Π , is a linear bijection; and
(4) for each m-dimensional subspace H ⊂ Π where Π ∈ U (Π0), we have dim(H⊥ ∩ Π0) = 1.
Proof. (1) is clear because Π0 ∩ Π⊥0 = {0}.
(2) is possibly well known but we give its proof for completeness. Fix a basis c1, . . . , cm+1 in Π0. We know that Π0 ∩
Π⊥ = {0} if and only if the Plücker coordinates {xi} of Π⊥ satisfy the equation ∑aI xI = 0 where aI are coeﬃcients deﬁned
by the basis c1, . . . , cm+1 (see the proof of Theorem 15.8 in [22]). The necessary statement follows.
(3) follows from the deﬁnition of U (Π0) since we have Π0 ∩ Π⊥ = {0}.
In (4), we have H⊥ ∩ Π0 = Ker pΠ0H . By Lemma 1, pΠ0H = pΠH pΠ0Π . The projection pΠ0Π of Π0 onto Π is by (3) a linear
bijection, and the projection of Π onto H has one-dimensional kernel. Therefore H⊥ ∩ Π0 is one-dimensional. 
Proposition 1. Suppose that there exists a Cantor set C0 ⊂ Rm+1 such that its projection onto every m-dimensional plane is (m − 1)-
dimensional. Then, for each d > m + 1, there exists a Cantor set C ⊂ Rd such that its projection onto every m-dimensional plane is
(m − 1)-dimensional.
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of Π0 the projection of C0 onto H has dimension (m − 1). Now let H be an arbitrary m-plane in Rd but not necessarily a
subset of Π0. We attempt to ﬁnd or estimate the dimension of pH (C0). There are two cases.
Case 1. There exists an (m + 1)-plane Π ⊃ H such that Π ∈ U (Π0). In this case Π0 ∩ Π⊥ = {0} and (see item (4)
of Lemma 3) dim(H⊥ ∩ Π0) = dimKer(pΠ0H ) = 1. Let v0 be a (non-zero) vector which generates Ker(pΠ0H ). Decompose
Π0 = 〈v0〉⊕H0 where v0⊥H0. By Lemma 2 we have pΠ0H = pH0H pΠ0H0 . The map p
H0
H is clearly a linear bijection; and p
Π0
H0
maps
C0 onto an (m − 1)-dimensional subset of H0. Therefore dim pH (C0) =m − 1.
Case 2. For each (m + 1)-plane Π containing H we have Π /∈ U (Π0).
Let us prove ﬁrst that dim(Π0∩H⊥) 2. In fact, from dimΠ0 =m+1 and dim H⊥ = d−m it follows that Π0∩H⊥ = {0}.
Suppose that Π0 ∩ H⊥ is generated by a single vector, say v0. Take Π = 〈v0, H〉; clearly Π is (m + 1)-dimensional and
contains H . Now Π0 ∩ Π⊥ ⊂ Π0 ∩ H⊥ = 〈v0〉 implies Π0 ∩ Π⊥ = {0} which is a contradiction. Hence dim(Π0 ∩ H⊥) 2.
Now, for the map pΠ0H : Π0 → H we have dimKer pΠ0H = dim(Π0 ∩ H⊥) 2, hence dim Im pΠ0H = (m+ 1)− dimKer pΠ0H 
m − 1. Hence pΠ0H (C0) is contained in an (m − 1)-dimensional subspace and dim pH (C0)m − 1.
So, we have proved that all projections of our set C0 onto m-planes have dimension less than or equal to m− 1, and for
m-planes which lie in the open set U (Π0) the projections have dimension exactly m − 1.
Choose a ﬁnite subcovering {U (Πs1 ), . . . ,U (Πs j )} from the covering {U (Πα) | Πα ⊂ Rd, dimΠα =m + 1} of G(d,m + 1)
and take corresponding Cantor sets Cs1 ⊂ Πs1 , . . . ,Cs j ⊂ Πs j . The Cantor set C = Cs1 ∪ · · · ∪ Cs j ⊂ Rd is the desired one. In
fact, an arbitrary m-plane H lies in some (m + 1)-plane Π . Take any U (Πsk ) which contains Π . Then the projection of the
Cantor set Csk ⊂ Πsk onto H is (m − 1)-dimensional and projections of all other “parts” of our Cantor set C onto H have
dimension not more than m − 1, as needed. 
Now our aim is to prove Theorem 1 for the case (m,m − 1,m − 2) where m  3 (we shifted m in order to simplify the
notation).
For our next lemmas we need to introduce some notation and deﬁnitions. We use the notation similar to that of [8].
In Rm , let π be the two-dimensional plane deﬁned by the equations x1 = · · · = xm−2 = 0.
As usual, I = [−1,1] ⊂ R. Writing formulas such as Ik ×M where M ⊂ {0}× · · ·×{0}×Rm−k ⊂Rm , we mean the product
[−1,1] × · · · × [−1,1] × M ⊂ Rm .
Under a standard parallelepiped we mean an m-dimensional closed parallelepiped whose faces are parallel to coordinate
planes.
In [8] J. Cobb introduces a special “measure” for a set in R2 or R3. Namely, he says that a subset M of R2 or R3
has absolute size (ε, δ) if projection of M onto each line can be covered by a ﬁnite family of segments such that the
length of every segment is less than ε and the distance between each two segments is at least δ. Cobb gives [8, Lemma 1]
a construction for such sets in R2. However it is a problem to extend this construction over higher dimensions; therefore,
we will use the following, less restrictive but suﬃcient deﬁnition, that is in the case of m = 2 coinciding with Cobb’s one.
Deﬁnition 1. A set M ⊂ Rm has absolute thickness (ε, δ) if the projection of M onto each hyperplane can be covered by
a product of a linear set of absolute size (ε, δ) and an “orthogonal to it” (m − 2)-dimensional cube with the edge length
of 3
√
m which is to say by a family of “thin” rectangular (m − 1)-dimensional parallelepipeds.
The next lemma shows how we construct such “thin” sets.
Lemma 4. Let Mπ ⊂ I2 ⊂ π be a set of absolute size (thickness) (ε, δ). Then the set M = Im−2 × Mπ ⊂ Rm has absolute thickness
(ε, δ).
Proof. Let H ⊂ Rm be an arbitrary hyperplane. It is clear that dim(H ∩π) 1. Take a line L ⊂ H ∩π and consider projection
of M onto L. We have (see Lemma 1)
pπL p
R
m
π
(a)= pRmL (b)= pHL pR
m
H .
From (a) it follows that
pR
m
L (M) = pπL pR
m
π (M) = pπL (Mπ ).
The last set pπL (Mπ ) can be covered by a ﬁnite family J of segments of length less than ε each and with pairwise distances
at least δ (since Mπ has absolute size (ε, δ)). The same set can be represented as pHL p
R
m
H (M). Therefore p
R
m
H (M) is contained
in (
⋃J ) × (H ∩ L⊥) where the second factor is simply an (m − 2)-dimensional space. But since M ⊂ Im , we have
diam pR
m
H (M) diamM 
√
2m.
Hence pR
m
H (M) is contained in a ball of radius
√
2m and the second factor of the product (
⋃J )× (H ∩ L⊥) can be replaced
by an (m − 2)-dimensional cube with edge length 2√2m < 3√m. 
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and let K = conv(F ∪ G) where “conv” denotes the convex hull. Let T be the segment with endpoints (0, . . . ,0,0,1) and
(0, . . . ,0,0, 12 ); O is the origin.
We need the following deﬁnition (for the case m = 2, see [8, p. 120]).
Deﬁnition 2. Let S = {s1, . . . , sk+1} be a ﬁnite partition of the segment F including the endpoints and ordered so that the
(m − 1)-st coordinate of each si+1 is greater than that of si . Let H be a strip in the plane π parallel to the axis Oxm−1
passing through K so that H = {0} × · · · × {0} × R × A where A is a subsegment of T . A set of baﬄes L for S in H is a
ﬁnite collection of pairwise disjoint closed segments in π parallel to the line Oxm−1, one having endpoints on the rays Osi
and Osi+1 for each 1 i  k.
From [8, Lemma 1] we derive now
Lemma 5. Given a partition S of the segment F , a ﬁnite collection {Hi}, 1 i  p, of pairwise disjoint strips in π parallel to Oxm−1
through K , and a positive number ε, there exist a subdivision S ′ of S, a family {Li}, 1 i  p (with Li a set of baﬄes for S ′ in Hi), and
positive numbers δ and η such that the product Im−2 ×U where U is the η-neighbourhood of⋃i Li in π has absolute thickness (ε, δ).
Proof. Lemma 1 of [8] implies that there exist a subdivision S ′ of S , a family {Li}, 1 i  p (with Li a set of baﬄes for S ′
in Hi), and positive numbers δ and η such that the η-neighbourhood U of
⋃Li ⊂ π = R2 has absolute size (ε, δ). It is
clear that we can choose Li so that
⋃Li ⊂ int I2, and hence U ⊂ I2. Then U satisﬁes the conditions of Lemma 4, and the
present lemma is proved. 
Now we are ready to make the main step in the construction. We proceed similarly to [8]. We need some more notation.
Let
P = Im−2 × F = conv{(±1, . . . ,±1,±1,1)} where all sign combinations are possible,
Q = Im−2 × G = conv
{(
±1, . . . ,±1,±1
2
,
1
2
)}
,
W = Im−2 × K = conv(P ∪ Q )
and
J = Im−2 × (0,0) = conv{(±1, . . . ,±1,0,0)}.
In what follows we will use the symbol ρ for the linear mapping Rm → Rm given by
(x1, . . . , xm−2, xm−1, xm) →
(
x1, . . . , xm−2,
xm−1
2
,
xm
2
)
.
Note that ρ(P ) = Q and that J is exactly the set of intersections of the hyperplane xm = 0 with all aﬃne straight lines
passing through points p ∈ P and ρ(p) ∈ Q .
Proposition 2. There exists a Cantor set C ⊂ W such that
(1) each aﬃne straight line in Rm which hits1 int P , int Q and J also contains a point of C and
(2) the projection of C onto any hyperplane contains no open set.
Note that a Cantor set with just one property (1) can be constructed essentially easier (see [8, p. 125, Example]).
Proof of Proposition 2. Fix a sequence {εn} of positive numbers with εn → 0. For each n ∈ N we will construct ﬁnite
subdivisions An and Bn = ρ(An) of P and Q by standard (m − 1)-dimensional parallelepideds such that diameter of An
and hence of Bn is less than εn2 ; and a subfamily Ψ n ⊂ An × Bn consisting of all pairs (A, B) with A ∈ An , B ∈ Bn such that
there exists an aﬃne straight line which intersects int A, int B and J . Moreover, each An+1 and Bn+1 should be subdivisions
of An and Bn , respectively. We will also construct a nested sequence of ﬁnite families Cn of pairwise disjoint subsegments
of the segment T and maps ϕn : Ψ n → Cn with the following properties
(i) each ϕn is one-to-one and onto;
(ii) “monotonicity property”: if (A′, B ′) ∈ Ψ n+1, (A, B) ∈ Ψ n , and A′ ⊂ A, B ′ ⊂ B , then ϕn+1(A′, B ′) ⊂ ϕn(A, B);
1 Interior is taken in minimal aﬃne subspaces containing P , Q respectively.
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Dn(A, B) = (Rm−1 × ϕn(A, B))∩ conv(A ∪ B); and
(iv) the set
Gn =
⋃
(A,B)∈Ψ n
Dn(A, B)
has absolute thickness (εn, δn) for some δn > 0.
Let us ﬁrst suppose that all these objects are already constructed and we show how our statement is derived. Take
C =⋂n Gn which is the desired set. In fact C is non-empty, being the intersection of non-increasing sequence of compacts.
For each n, parts Dn(A, B) of Gn have pairwise disjoint projections ϕn(A, B) onto the axis Oxm and hence are themselves
pairwise disjoint. In each piece Dn(A, B) there are at least two parts of a set Gn
′
for some n′ > n. Finally, diam Dn(A, B) → 0,
so C is a Cantor set. Let us show that it satisﬁes conditions of the proposition.
(1) Suppose an aﬃne straight line  intersects int P , int Q , and J . We search a sequence of (An, Bn) ∈ Ψ n such that
for each n we have Dn(An, Bn) ⊃ Dn+1(An+1, Bn+1). There are two cases. First if for each n there exists an An ∈ An with
 ∩ P ∈ int An , take the sequence of (An, Bn = ρ(An)). In the second case, the formula  ∩ P ∈ int An holds only for ﬁnite
number of indices. In this case there is a sequence {An}, An ∈ An such that An ⊃ An+1 and  ∩ P ∈ ∂ An . Then we take the
sequence of pairs (An, Bn = ρ(An)) and note that it belongs to Ψ n .
(2) Suppose that there exists a straight line  such that p⊥ (C) contains an (m − 1)-dimensional disk D . We have
p⊥ (C) =
⋂
n p⊥ (G
n). Hence D is contained in each of p⊥ (G
n) which is impossible by (iv). So (2) is also satisﬁed.
Now ﬁnally let us describe the inductive construction process for An , Bn , Cn , ϕn .
Take ε0 =
√
2m and A0 = {P }, B0 = {Q }, C0 = {T }, Ψ 0 = {(P , Q )}, and ϕ0 : (P , Q ) → T .
Suppose that all objects having numbers less than or equal to n are already constructed. We construct them for n+ 1.
First, take an auxiliary ﬁnite subdivision An+ of An by standard parallelepipeds of diameter not more than εn+12 ; takeBn+ = ρ(An+). Form a subset Ψ n+ ⊂ An+ × Bn+ of all pairs (A+, B+), A+ ∈ An+ , B+ ∈ Bn+ such that there is an aﬃne straight
line in Rm which intersects int A+ , int B+ , and J . Clearly Ψ n+ is ﬁnite. Moreover, for each (A+, B+) ∈ Ψ n+ there exists a
unique pair (A, B) ∈ An × Bn such that A+ ⊂ A and B+ ⊂ B . We have (A, B) ∈ Ψ n; note that the one pair (A, B) may
“contain” several different pairs (A+, B+). Hence ϕn(A, B) ∈ Cn is deﬁned. Choose in each of intϕn(A, B) ⊂ T pairwise
disjoint subsegments; its number equals the amount of pairs (A+, B+) “contained in” (A, B). Denote the family of all
chosen segments by Cn+ , and ﬁx a bijection ϕn+ : Ψ n+ → Cn+ .
Project all our objects onto the two-dimensional plane π . Then P projects onto F , and faces of parallelepipeds of
the family An+ project to a ﬁnite number of points which being ordered form a subdivision Sn of F . Take segments Cni ,
i = 1, . . . , |Cn+| = qn , one for the interior of each element of the family Cn+ . Apply Lemma 5 to segment F , its subdivision Sn ,
trapezoid K , number ε = εn+12 , and the family of strips Hni = R× Cni (i = 1, . . . ,qn). By Lemma 5 there exist a ﬁnite subdivi-
sion (Sn)′ of Sn , a collection {Lni }qni=1 where Lni is a family of buﬄes for (Sn)′ in Hni , and positive numbers δn+1, ηn+1 such
that the product Im−2×Un+1 of Im−2 with the ηn+1-neighbourhood Un+1 of ⋃i Lni ⊂ R2 has absolute thickness ( εn+12 , δn+1).
Now we turn back to Rm . The aﬃne (m − 2)-planes which project under pπ into the points of (Sn)′ subdivide P into
standard parallelepipeds. This subdivision is a reﬁnement of An+ and hence of An . Let us call it An+1. Take Bn+1 = ρ(An+1).
Form a subset Ψ n+1 ⊂ An+1 × Bn+1 of all pairs (A, B), A ∈ An+1, B ∈ Bn+1 such that some aﬃne straight line in Rm
intersects int A, int B , and J . It remains to deﬁne Cn+1 and ϕn+1.
Let (A, B) ∈ Ψ n+1. There exists a unique pair (A+, B+) ∈ Ψ n+ such that A ⊂ A+ , B ⊂ B+; so ϕn+(A+, B+) ∈ Cn+ is deﬁned.
Consider that strip Hni = R× Cni ⊂ π for which ϕn+(A+, B+) ⊃ Cni . Recall that Cni ⊂ intϕn1(A1, B1). By construction, this strip
contains Lni . Since (A, B) ∈ Ψ n+1, there exists an aﬃne straight line intersecting int A, int B , and J . Projection of this line
onto π passes through O and therefore intersects exactly one baﬄe Lni, j from Lni in Hni . So to each pair (A, B) ∈ Ψ n+1
corresponds some baﬄe Lni, j from Lni , but this correspondence is not necessarily injective so let us change it to be injective.
Let bni, j be the m-th coordinate of an (any) point of L
n
i, j . Take a neighbourhood V
n
i, j ⊂ R of bni, j such that V ni, j × Lni, j lies in the
ηn+1-neighbourhood of Lni, j , and V
n
i, j ⊂ intCni . Choose in V ni, j pairwise disjoint segments of length less than 11+√4m−7 · εn+1
each. Its number should be equal to the amount of pairs (A, B) ∈ Ψ n+1 to which our Lni, j corresponds. Now call the family
of all such segments Cn+1 and take an arbitrary bijection ϕn+1 : Ψ n+1 → Cn+1 such that ϕn+1(A, B) is one of the segments
constructed “near” the corresponding baﬄe Lni, j : ϕ
n+1(A, B) ⊂ V ni, j .
Our construction is ﬁnished. It is clear that An+1 and Bn+1 are reﬁnements of An and Bn , respectively; families Cn form
a nested sequence. It remains to verify the properties (i)–(iv).
(i) follows straight from the construction.
(ii) Let (A′, B ′) ∈ Ψ n+1. There is a unique pair (A+, B+) ∈ Ψ n+ such that A′ ∈ A+ , B ′ ∈ B+ . To the pair (A+, B+) in its
turn corresponds a unique pair (A, B) ∈ Ψ n with A+ ⊂ A, B+ ⊂ B . We have then ϕn+1(A′, B ′) ⊂ ϕn+(A+, B+) ⊂ ϕn(A, B).
(iii) Let us estimate diam Dn+1(A, B). Since Dn+1(A, B) is convex, its diameter does not exceed the maximal distance be-
tween its vertices. For two vertices lying both in A or both in B the distance is less than or equal to max{diam A,diam B}
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2 < εn+1. If the ﬁrst vertice, say a, lies in A, and the second, say b — in B , we take a projection c of b onto the
plane xm = 1. We have d(a,b) d(a, c) + d(c,b). Clearly d(b, c) diamϕn+1(A, B) and d(a, c) = d(b,c)tgα where α is the angle
between ab and ac. It can be easily calculated that for (A, B) ∈ Ψ n+1 we have tgα  1√
4m−7 and hence
d(a,b) (1+ √4m − 7 ) · diamϕn+1(A, B) < εn+1,
so (iii) is satisﬁed.
(iv) From the construction it follows that for each (A, B) ∈ Ψ n+1 the set Dn+1(A, B) lies in Rm−2 × Un+1 where Un+1 is
the ηn+1-neighbourhood of
⋃
i Lni . Since Rm−2 × Un+1 has absolute thickness (εn+1, δn+1), the proposition is proved. 
4. Concluding remarks
1) The Fox’s and Cobb’s questions can be generalized in the following way.
Given a topological space X and integers d > m  k > 0, is there an embedding j : X → Rd such that for each m-plane, the
projection of j(X) onto it is k-dimensional?
The results of K. Borsuk [6], J. Cobb [8] and of the present paper deal with X = C . The same paper of Borsuk contains a
positive answer for the cases X = I , m = k, and X = S1, m = k. The theorem in [21] implies a negative answer for a compact
space X with dim X =m = k (see also [11, Problem 1.8.C]; reproved in [20]).
Note that the case k = 0 is excluded in the question because of the following simple proposition whose proof is omitted.
Proposition 3. For a non-empty separable metric space X, the following conditions are equivalent:
(1) dim X = 0;
(2) for each integer d  1, there exists an embedding j : X → Rd such that for each subspace the projection of j(X) onto it is zero-
dimensional; and
(3) there exist integers d 1, m 1, and embedding j : X → Rd such that for each coordinate m-plane in Rd, the projection of j(X)
onto it is zero-dimensional.
It would be interesting to ﬁnd analogous criteria for a compact space to be n-dimensional for n > 0. For non-compact
spaces we should remember the Sitnikov example (see [23] or [11, 1.10.23]).
2) As a variant of the question posed above, we could consider the following setting. Given a topological space X and
integers m  k  0, is there an embedding j : X → 2 of X into the Hilbert space such that for each m-plane (variant: plane of
codimension m) the projection of j(X) onto it is k-dimensional?
Note that Proposition 3 does not have a direct analogue for the Hilbert space because of the Erdös example ([12], [11,
pp. 16–17]). Nevertheless, the following holds true.
Proposition 4. For a non-empty separable metric space X, the following conditions are equivalent:
(1) dim X = 0;
(2) there exists an embedding j : X → 2 such that for each subspace the projection of j(X) onto it is zero-dimensional; and
(3) there exist an integer m  1 and embedding j : X → 2 such that for each coordinate subspace in 2 of codimension m, the
projection of j(X) onto it is zero-dimensional.
3) Similar problems were considered in measure theory using Hausdorff, box and packing dimensions. For nice results in
this ﬁeld, the reader should refer to for example [13, Chapter 6], [14] and references therein.
4) Analogous questions can be posed using other properties instead of being k-dimensional. For example, given a topo-
logical space X and integers d >m 0, is there an embedding j : X → Rd such that for each m-plane, the projection of j(X)
onto it is convex? For this setting, see [8, Theorem 3; Example, p. 124], [10,3], and joint papers of S. Barov and J.J. Dijkstra
(see [4] and references therein; also for the case of Hilbert space).
5) Many papers of the last decades are devoted to embeddings which have other very special properties relative to
all m-dimensional aﬃne planes and in particular, to all aﬃne straight lines. We mention [18,5]. For the properties of the
so-called n-point sets which come back to S. Mazurkiewicz, see for example [7,16,15,9] and references therein.
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